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Abstract- - lcosahedral  structures are generally accepted as the lowest energy geometries for clus- 
ters of 13 < n < 147 atoms of the same type. Here we propose a novel structure for the 38-atoms 
cluster, possessing remarkable characteristics: 
(i) its Lennard-Jones potential energy is below the min imum reported in the literature; 
(ii) as it can be embedded in a face-centered cubic lattice, it does not present five-fold symmetries; 
(iii) its core is composed by six atoms at the vertices of an octahedron, decorated by 32 additional 
atoms to exhibit the shape of a tetrakaidecahedron, one of the beautiful Archimedean polyhe- 
dra. Our  findings arose by linking the exponential tunneling method for global optimization 
with geometrical intuition to provide promisory starting configurations. 
Keywords - -Atomic  cluster, Icosahedral structures, Lennard-Jones potential, Global optimiza- 
tion. 
1. INTRODUCTION 
Let N, Z, and R denote the naturals, the integers, and the reals, respectively. For a given 
n E N (n > 2), the determination f the spatial conformation f an n-atoms cluster with minimum 
Lennard-Jones potential energy is tantamount, when all atoms are of the same type, to the 
problem of finding points p~ = (x i ,  y i , z~)  E R a, for i = 1,... ,n, so as to minimize 
n- I  n 
i=l j=i+l 
(1) 
Here, rij = x / (x~ - x j )  2 + (yi  - y j )2  + (z i  - z j )  2 is the Euclidean distance between points Pi 
and pj. 
In general, the best minima known for clusters of 13 < n < 147 atoms have been obtained 
by triggering local optimization procedures from initial configurations that follow the Mackay [1] 
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icosahedral structure [2-5]. This, together with experimental studies, is the substratum of the 
common belief that icosahedral structures must yield the lowest energy geometries in the 13 < n <: 
500 size range [4,6]. There is not, alas, a rigorous proof for global optimality of the conformations 
obtained ue to two facts: 
(i) the function E has O(e n2) local minima [6], and 
(ii) an efficient echnique to prove that a given minimum of (1) is global is not known to date. 
In search of better solutions, we departed from the most successful current approaches. We 
carried out numerical computations with the exponential tunneling method for deterministic 
global optimization [7], having in mind structures embedded in what is known to chemists as a 
face-centered cubic (or fcc) lattice. Our efforts succeeded in the case n --- 38: a highly symmet- 
ric conformation sprang, with lower Lennard-Jones energy than any other proposed elsewhere. 
Section 2 presents the geometric realm that motivated this research, followed in Section 3 by a 
concise explanation of the computational techniques employed. To conclude, numerical results 
are the subject of Section 4. 
2. GEOMETRICAL  MOTIVATION 
For given n • 1~1 (n _> 2) and ta • R (99 > 0), consider for a moment he purely geometrical 
problem of finding n distinct points in R z, such that the number of pairs of points at distance ~o 
apart is maximized. Closely related to dense sphere packing matters and space tesselations, it is 
believed that this problem might be solved by an appropriate choice of a compact n-subset from 
a fcc lattice, like 
i = { (x ,y ,z )  • Z 3 ] X "Jr y + Z is odd}, (2) 
when qo = x/~ (see [8]). Note that for each p • L, there are twelve points in L at distance 
from p. Also note that the expression d-Is - d -6 attains a (unique) minimum at d* = ~,  
suggesting that the minimization of (1) is equivalent to the geometrical problem, with ~ = d* [5]. 
There is some evidence that this is accurate for n > 1000 [9], and it is certainly true for small 
trivial values of n. 
On the other hand, the tetrakaidecahedron is one of the irregular solids studied by Archimedes 
in the Third Century B.C. It arises by properly chopping the vertices of an octahedron, to 
display 24 vertices and 4 faces--six squares, eight hexagons. This beautiful polyhedron can be 
precisely described as 
T = {(x ,y ,z )  • R3: [xl _< 2, lY[ -< 2, Izl _< 2, Ix] + ]y] + ]z[ _< 3}, (3) 
and its many attributes have lured interest galore both in the natural sciences [10-12] and in math- 
ematics [13]. In view of the previous discussion, the following properties make the tetrakaidecahe- 
dron a good candidate for minimal clusters: among all polyhedra capable to produce tesselations 
in R 3 by translation of identical replicas, it has the minimum surface per volume unit, and 
furthermore, it can be embedded in an fcc lattice. 
3. COMPUTATIONAL TECHNIQUES 
The exponential tunneling method (ETM) is a deterministic global optimization procedure 
whose strategy is to tunnel from valley to valley of an objective function f,  to find a sequence of 
decreasing local minima [7,14]. ETM iterates over two phases: local minimization and tunneling. 
In the minimization phase, from a given initial point x, a local minimum x* is obtained using 
any local optimization procedure with tolerance parameter To. From x* and through a descent 
type method with tolerance parameter ~'t, the tunneling phase looks for a point xo in another 
valley such that f(Xo) <_ f (x*) .  If xo is found, it serves as the initial point for the minimization 
Archimedeon Polyhedron Structure 77 
phase, otherwise ETM stops and the latest local minimum x* is considered the global solution. 
To find x °, the strategy is to place a pole at x* with strength A, i.e., to look for xo satisfying 
(xo)=( f  (xo) - f  (x*))exp ([ix ° __-Ax.[[~) < r~. (4) Te 
The attractiveness of ETM comes from the fact that, ignoring all minima above the current 
local optimal evel, the number of function evaluations i relatively small. Thus, ETM is specially 
suited for either expensive objective functions or functions with a large number of local minima 
as is the case of the energy function (1). To deal with the characteristics of (1), we have tailored 
ETM as follows. 
(i) ETM performs generally well when rt is set to a small nonnegative value. However, ETM 
might overiterate when there are too many local minima with the same function value, 
as it happens with (1). As the alternative local minima are not of interest because most 
correspond to translations or rotations, they were avoided by setting rt to a small negative 
value. 
(ii) In general, Te inherits the multimodality behaviour of E. Thus, when searching for xo, we 
could be trapped at a critical point x' of Te. To overcome this difficulty, we multiplied Te 
by exp(A'/([IXo - x'[[2)), which would automatically be either turned off (A' = 0) if T~ 
is smooth enough, or increased ( A' = A' + AA) when the proximity of x' is detected, to 
get a smoothing effect until a descent direction is generated. The tunneling phase was 
considered unsuccessful whenever A' became greater than a given real )~max. To know 
when we approach a critical point, the maximum number of bisections of the step length 
in the search for Xo was fixed in advance. 
4. RESULTS 
With the help of a local minimization routine, we relaxed first the fcc configuration defined 
by the 38 points in S = T M L (rescaled so as the distance between eighboring points is d*), 
obtaining a topologically equivalent configuration, with lower potential energy (-173.928) than 
that (-173.134) of the so far best-known structure (icosahedral) [4]. Both configurations are 
shown in Figure 1, with core atoms indicated by black circles and outer shell atoms by white 
circles. Note that the five-fold symmetry around an axis passing through the most left and most 
right atoms in the icosahedral structure is only broken by the absence of an atom at the top of 
the outer shell. To complete this cluster, add one atom at the gravity center of the icosahedron. 
At right, the convex hull of S defines a tetrakaldecahedron, a d its six-points core forms an 
octahedron. 
Figure 1. Topology of the best icosahedral (left) and fcc (right) configurations known 
for the 38-atoms cluster. For clarity, the edges inside the icosahedron, and those 
between cores, and outer shells have not been drawn. 
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Secondly, starting from a different, arbitrary initial 38-atoms configuration (energy -163.441), 
after passing through 20 valleys, ETM stopped at the same configuration obtained by the local 
minimization routine. The parameters used in this procedure were: /~max = 4, ~ = 0.0125, 
To = 0.0005, and ~'t = -10  -s ,  yielding the computational effort in Table 1. 
Table 1. 
Number of evaluations 
Phase 
function gradient 
minimization 1041 894 
598761 147408 tunneling 
Clearly, in any atomic cluster, the pairs of atoms more heavily contributing to reduce the 
energy---call them edges--are those that are d* ± e units apart, with e ~ d*/20. Thus, in 
principle, the cluster energy decreases as the number of edges increases. 
The compact 38-atoms fcc cluster has 144 edges: 36 define the faces of the tetrakaidecahe- 
dron, 48 more join the center of its hexagonal faces to their vertices, 12 define the faces of the 
interior octa.hedron, and 48 unite the octahedron to the tetrakaidecahedron. The total is greater 
than 136, the number of edges of the best icosahedral counterpart (Figure 1). 
The existence of a 38-atoms icosahedral structure having at least 144 edges--which might lead 
to an improved solut ion--has not yet been discarded. However, our results could contradict 
investigations indicating that fcc structures are not present in small clusters. Further research 
for improved, nonorthodox cluster structures in the 13 < n < 150 size range is under way. 
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